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Abstract. The transport coefficients induced by the Anderson-Witting approximation of the collision term in the relativistic Boltz-
mann equation are derived for close to equilibrium flows in general relativity. Using the tetrad formalism, it is shown that the
expression for these coefficients is the same as that obtained on flat space-time, in agreement with the generalized equivalence
principle.
INTRODUCTION
Relativistic hydrodynamics constitutes a relatively new area of research, being fundamental for the understanding of
fluid flows in extreme conditions, either when the typical velocities involved approach the speed of light, or when the
space-time curvature becomes significant [1]. Applications from the first category include the quark-gluon plasma [2],
while from the second category, we mention astrophysical phenomena such as stellar collapse [3], accretion problems
[4] or cosmology [5].
In many problems of astrophysical importance where the flow is sufficiently rarefied that the hydrodynamic
(continuum) approximation cannot be applied, a kinetic theory description is required [6]. Such an approach has the
advantage that the set of hydrodynamic conservation equations, which is highly non-linear in the viscous regime,
emerges from the relativistic Boltzmann equation, where the advection is performed in a simple manner. In particular,
for flows not far from equilibrium, the hydrodynamic limit of the Boltzmann equation can be obtained through the
Chapman-Enskog expansion [7].
In this paper, we employ the Chapman-Enskog procedure to derive expressions for the transport coefficients
when the Anderson-Witting approximation for the collision term in the relativistic Boltzmann equation is employed.
We consider relativistic flows on an arbitrary background space-time, thus extending the results in Refs. [7, 8], ob-
tained for the Minkowski space-time. In our analysis, we highlight a procedure for obtaining expressions for the
non-equilibrium contributions to the stress-energy tensor (SET), involving the computation of a special type of mo-
ments of the equilibrium distribution function, which we summarise in the appendix. The conclusion of our study is
that the expressions for the transport coefficients is identical to those obtained on the flat Minkowski space-time in
Refs. [7, 8]. We also present a comparison with the results reported in Refs. [7, 9] for the Marle model.
ECKART AND LANDAU FRAMES
In the Eckart frame [10], the macroscopic velocity uµ is defined to be parallel to the particle flow four-vector Nµ, such
that:
Nµ = nuµ, T µν = Euµuν + (P + ω)∆µν + 2q(µuν) + piµν, (1)
such that uµ = Nµ/
√−NµNµ. In the above, gµν is the space-time metric, ∆µν = uµuν + gµν is the projector on the
hypersurface perpendicular to uµ, n is the macroscopic number density, E is the energy density, P is the hydrostatic
pressure, while the dynamic pressure ω, heat flux qµ and pressure deviator piµν comprise the non-equilibrium terms.1
1We use the signature (−,+,+,+) for the metric and geometrical units in which c = G = 1 throughout this paper.
Once the SET and uµ are known, all other quantities can be obtained using:
n = −uµNµ =
√
−NµNµ, E = uµuνT µν, P + ω =
1
3∆µνT
µν, qµ = −∆µνuλT νλ, piµν = T<µν>, (2)
where the notation A<µν> refers to:
A<µν> ≡
[
1
2
(∆µλ∆νσ + ∆µσ∆νλ) − 13∆
µν
∆λσ
]
Aλσ. (3)
In the Landau (energy) frame [11], the four-velocity is defined as an eigenvector of T µν:
T µνuνL = −ELuµL, (4)
where the subscript L indicates that the velocity and the energy density are expressed with respect to the Landau
frame. Since ∆µL;νuL;λT νλ = 0, it can be seen that in this frame, the heat flux (or energy dissipation) is everywhere nil,
such that Nµ and T µν take the following form:
Nµ = nLuµL +J
µ
L , T
µν
= ELuµLu
ν
L + (PL + ωL)∆µνL + piµνL . (5)
Thus, in the Landau frame, Nµ and uµL are no longer parallel. Close to local thermodynamic equilibrium, the quantity
JµL can be linked to the heat flux of the Eckart frame via [1]:
JµL = −
n
E + P
qµ. (6)
If the fluid is in local thermodynamic equilibrium, the Landau and Eckart frame coincide. For small departures
from equilibrium, the nonequilibrium quantities ω, qµ and piµν can be written in terms of the thermodynamic forces
∇µuµ, ∆µν∇νT − uν∇νuµ and ∆µν∇<νuµ> as follows [1, 7]:
ω = −η∇µuµ, qµ = −λ (∆µν∇νT + Tuν∇νuµ) , piµν = −2µ∇<µuν>, (7)
which define the transport coefficients η, λ and µ, known as the coefficients of bulk viscosity, thermal conductivity
and shear viscosity, respectively [7].
BOLTZMANN EQUATION IN THE ANDERSON-WITTING APPROXIMATION
The Boltzmann equation can be written in conservative form with respect to a tetrad field eµ
αˆ
as follows [9, 12]:
1√−g∂µ
(√−gpαˆeµ
αˆ
f
)
− pˆ0 ∂
∂pˆi
Γˆiαˆ ˆβ pαˆp ˆβpˆ0 f
 = J[ f ], (8)
where hatted indices denote tetrad components, pαˆ represent the tetrad components of the on-shell particle four-
momentum vector, f is the one-particle distribution function and J[ f ] represents the Boltzmann collision integral.
The tetrad components of the hydrodynamic variables Nαˆ and T αˆ ˆβ can be obtained as moments of f [7]:
Nαˆ =
∫ d3 p
pˆ0
f pαˆ, T αˆ ˆβ =
∫ d3 p
pˆ0
f pαˆp ˆβ. (9)
Due to the complicated nature of the collision integral, model equations for the collision term are customarily
employed. Here, we consider the Anderson-Witting approximation [7, 8]:
JA−W[ f ] = p · uL
τ
( f − f (eq)L ), (10)
where τ is the relaxation time. The equilibrium distribution function f (eq)L is defined in terms of quantities expressed
with respect to the Landau frame:
f (eq)L =
nL
4pim2TLK2(ζL) exp
(
p · uL
TL
)
, Nαˆeq;L = nLu
αˆ
L, T
αˆ ˆβ
eq;L = ELu
αˆ
Lu
ˆβ
L + PL∆
αˆ ˆβ
L . (11)
In the above, m is the particle mass, ζL ≡ m/TL is the relativistic coldness [1], Kn(ζL) denotes the modified Bessel
functions of the third kind, PL = nLTL is the hydrostatic pressure and the Landau energy EL and Landau temperature
TL are linked through EL = nLmG(ζL) − PL.
In Ref. [9], the transport coefficients corresponding to the Marle collision term were analysed for flows in general
relativity. In this paper, we extend the results of Ref. [9] by performing a similar analysis of the transport coefficients
arising in the Anderson-Witting model.
CHAPMAN-ENSKOG EXPANSION
In order to perform the Chapman-Enskog expansion, we consider δ f ≡ f − f (eq) and τ to be small. Thus, the deviation
δ f from equilibrium can be approximated by keeping only the zeroth order f = f (eq) on the left hand side in Eq. (8),
such that:
δ f = τ
 1√−g∂µ
√−g pαˆeµαˆp · u f (eq)
 − pˆ0 ∂
∂pˆi
Γˆiαˆ ˆβ pαˆp ˆβpˆ0(p · u) f (eq)
 + (∇αˆu ˆβ) pαˆp ˆβ(p · u)2 f (eq)
 . (12)
In the above, the subscript L was dropped for quantities on the right hand side of the equation, since the Landau and
the Eckart quantities coincide when f = f (eq). We emphasize that the above equation is different from the one obtained
in Ref. [8], since it is written in conservative form, such that its moments can be easily obtained. Indeed, integrating
the above equation over the momentum space gives:
δT αˆ1...αn0 = τ
[
−∇
ˆβT
ˆβαˆ1...αˆn
1 + (∇ ˆβuγˆ)T
ˆβγˆαˆ1...αˆn
2
]
, where T αˆ1...αˆsn =
∫ d3 p
pˆ0
pαˆ1 · · · pαˆs
(−p · u)n f
(eq), (13)
where the covariant derivative arises naturally due to the conservative form of Eq. (12). A comparison of the above
equation with Eqs.(34) and (36) from Ref. [8] shows that, besides moments of type T αˆ1...αˆsn with n = 1, the conservative
approach also requires the computation of the moments with n = 2. We present an analysis of such moments relevant
for the present work in the Appendix.
The coefficient of bulk viscosity η
Taking the trace of Eq. (5) shows that δT αˆαˆ = 3ωL, since T αˆeq;αˆ = −EL + 3PL. Furthermore, the definition (13) and the
properties (34) can be used to show that δT αˆαˆ = −m2δT0. Setting n = 0 in Eq. (13) gives:
ω = −τm
2
3
[
−∇γˆT γˆ1 + (∇γˆuρˆ)T γˆρˆ2
]
. (14)
The divergence of T γˆ1 = T
0
11u
γˆ can be computed by substituting T 011 from Eq. (32):
∇γˆT γˆ1 = T 011∇γˆuγˆ + DT 011 = −
P
m2
(
1 − 3
cv
)
∇γˆuγˆ, (15)
where the notation D = uγˆ∇γˆ was used. In the Chapman-Enskog procedure, the derivatives D are replaced by making
use of the conservation equations at the Euler level [1, 9]:
Dn = −n∇γˆuγˆ, DE = −(E + P)∇γˆuγˆ, DT = − T
cv
∇γˆuγˆ, Duαˆ = −
1
E + P
∆
αˆγˆ∇γˆP, (16)
where the specific heat cv is given by:
cv = ζ
2
+ 5Gζ −G2ζ2 − 1. (17)
In the above, G ≡ G(ζ) = K3(ζ)/K2(ζ). Using Eqs. (30) and Eq. (33) for T γˆρˆ2 , together with the property uρˆ∇γˆuρˆ = 0,
it can be shown that substituting Eq. (15) into Eq. (14) allows η to be put in the following form:
η = τP
(
−1 − 1
cv
+
ζG
3 −
ζ2
9 +
ζ2Ki2
9K2
)
, (18)
where Ki2 ≡ Ki2(ζ) is defined in the Appendix. It can be checked that the above result coincides with those obtained
in Refs. [7, 8] on flat space-time by using the following relation:
Ki2(ζ) = ζ[−Ki1(ζ) + K1(ζ)]. (19)
Coefficient of thermal conductivity λ
In flows close to equilibrium, δNαˆ = − nP+E qαˆ, by virtue of Eqs. (5) and (6), since Nαˆeq = nLuαˆL. Setting n = 1 in Eq. (13)
allows the heat flux to be written as:
qαˆ = −τ(P + E)
n
[
−∇
ˆβT
αˆ ˆβ
1 + (∇ ˆβuγˆ)T αˆ
ˆβγˆ
2
]
=
τ(P + E)
n
[
nDuαˆ + ∆αˆ ˆβ∇
ˆβT
1
12
]
, (20)
where the second equality can be obtained by using the property ∆αˆ
ˆβq
ˆβ
= qαˆ. The derivative of T 112 can be obtained
from Eqs. (30) and (32):
∇
ˆβT
1
12 =
1
3m
[
5ζ − ζ2G(ζ) + ζ
2Ki1(ζ)
K2(ζ)
]
∇
ˆβP +
P
3m2
[
3ζ2 − 5ζ3G(ζ) + ζ4G2(ζ) − ζ
4G(ζ)Ki1(ζ)
K2(ζ)
]
∇
ˆβT. (21)
Using Eq. (16) to replace Duαˆ in the expression for qαˆ in Eq. (7), as well as in Eq. (20), it can be shown that the
thermal conductivity is given by:
λ = τP
ζ4G(ζ)
3m
[
G(ζ)Ki1(ζ)
K2(ζ) −G
2(ζ) + 5G(ζ)
ζ
− 3
ζ2
]
. (22)
This result is in agreement with the one reported in Refs. [7, 8].
Coefficient of shear viscosity µ
Finally, µ can be obtained from the expression for piαˆˆβ by using Eq. (7). By noting that δT αˆ ˆβ0 = ω∆αˆ ˆβ + piαˆ ˆβ, it can be
shown that:
piαˆ
ˆβ
= η∆αˆ
ˆβ∇γˆuγˆ + τ
[
−∇γˆT αˆ ˆβγˆ1 + (∇γˆuρˆ)T αˆ
ˆβγˆρˆ
2
]
. (23)
Using Eqs. (30) and (32) for T αˆ ˆβγˆ1 , the following result can be obtained:
∇γˆT αˆ ˆβγˆ1 = nT∇γˆuγˆ
[(
5
3 −
1
cv
)
∆
αˆ ˆβ − ηαˆ ˆβ
]
+ nT D(uαˆu ˆβ) + 2nT∇<αˆu ˆβ>. (24)
By susbtituting the above result in Eq. (23) and using Eqs. (30) and (33) for T αˆ ˆβγˆρˆ, piαˆˆβ can be written as:
piαˆ
ˆβ
= τnT
∆αˆ ˆβ∇γˆuγˆ
 η
τnT
+
5T 124
3nT −
7
3 +
1
cv
 + 2
T 124
nT
− 2
∇<αˆu ˆβ>
 . (25)
Using the expression (18) obtained for η, it can be shown that the coefficient of ∇γˆuγˆ vanishes, such that:
µ =
3
5
(
η + τnT
1 + cv
cv
)
=
τnT
15 ζ
(
3G(ζ) − ζ + ζKi2(ζ)
K2(ζ)
)
. (26)
Employing Eq. (19) shows that Eq. (26) reduces to the result in Refs. [7, 8].
Analysis of the results and comparison to the Marle model
In this section, the transport coefficients obtained here for the Anderson-Witting model are compared to those obtained
using the Marle model when the relaxation time is set to [7, 9]:
τ =
1
nσ 〈v〉 , 〈v〉 =
ζE
K1(ζE)
e−ζE 1 + ζE
ζ2E
− Γ(0, ζE)
 , (27)
where σ is the differential cross section and Γ(ν, z) is the incomplete Gamma function [13]. In order to perform the
comparison, “effective” transport coefficients may be defined, such that they only depend on ζ = m/T [9]:
η˜ =
ση
m
, λ˜ = σλ, µ˜ =
σµ
m
. (28)
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FIGURE 1. Comparison of the (a) shear viscosity, (b) thermal conductivity and (c) bulk viscosity coefficients obtained when the
Anderson-Witting and Marle approximations for the collision term are employed. (d) The curves corresponding to ηM and ηA−W
are almost overlapped after the scaling in Eq. (29).
The log-log plots in Fig. 1(a) and (b) show that the behaviour of µ˜ and λ˜ in the non-relativistic (large ζ) limit is
the same in the Marle and Anderson-Witting models. However, as ζ → 0, the effective heat conductivity λ˜A−W in
the Anderson-Witting model tends to 4/3, while in the Marle model, λ˜M → ∞. Even though not visible in the plot,
λ˜A−W has a point of local maximum at ζ = 0.023151, where its value differs only slightly from its value at ζ = 0
(˜λmax = 1.33348). In the case of the coefficient of bulk viscosity, Fig. 1(c) shows that it exhibits the same main
features in both models, namely: it decreases to 0 as ζ → 0 and ζ → ∞ and it attains a maximum value at a finite
value of ζ. While in the Marle model, the maximum is attained at ζmax;M = 1.535, where η˜M(ζmax;M) = 0.0044664, in
the A-W model, ζmax;A−W = 2.23578 and η˜M(ζmax;M) = 0.00166279. It is surprising to note that the bulk viscosity in
the two models are almost exactly related through a scaling of the argument and overall value such that their point of
maximum coincides, i.e.:
η˜M
(
ζ/ζmax;M
)
η˜M(ζmax;M) ≃
η˜A−W
(
ζ/ζmax;A−W
)
η˜A−W(ζmax;A−W) . (29)
Fgure 1(d) shows a comparison between the two sides of the above equation.
CONCLUSION
In this paper, we employed the conservative form of the Boltzmann equation based on the tetrad formalism to obtain
expressions for the transport coefficients corresponding to the Anderson-Witting model for reltivistic flows in general
relativity. Our conclusion is that the form of these coefficients coincides with that obtained in flat space-time, in
agreement with the equilvalence principle. Further, a graphical analysis showed that an appropriate scaling brings the
coefficient of bulk viscosity η in the Anderson-Witting to a form which is very close to that in the Marle model.
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APPENDIX
In this section, the moments of f (eq) defined in Eq. (13) are computed for n = 0, 1, 2 with s ranging from 0 up to 2, 3
and 4, respectively. In order to compute these moments, the following notation is employed:
Tn = T 0n0, T
αˆ
n = T
0
n1u
αˆ, T αˆ ˆβn = T 0n2u
αˆu
ˆβ
+ T 1n2η
αˆ ˆβ, T αˆ ˆβγˆn = T 0n3u
αˆu
ˆβuγˆ + T 1n3uρˆ∆
αˆ ˆβγˆρˆ,
T αˆ ˆβγˆρˆn = T 0n4u
αˆu
ˆβuγˆuρˆ + T 1n4(uαˆu ˆβηγˆρˆ + uαˆuγˆη ˆβρˆ + uαˆuρˆη ˆβγˆ + u ˆβuγˆηαˆρˆ + u ˆβuρˆηαˆγˆ + uγˆuρˆηαˆ ˆβ) + T 2n4∆αˆ ˆβγˆρˆ, (30)
where ∆αˆ ˆβγˆρˆ = ηαˆ ˆβηγˆρˆ + ηαˆγˆη ˆβρˆ + ηαˆρˆη ˆβγˆ. Finding analytic expressions for the coefficients T pns defined in Eqs. (30)
makes the subject of the present section.
For the case n = 0, the relevant coefficients for the moments up to s ≤ 2 are:
T 000 =
n
m
(
G − 4
ζ
)
, T 001 = n, T
0
02 = nmG, T
1
02 =
nm
ζ
, (31)
where G ≡ G(ζ) = K3(ζ)/K2(ζ).
The relevant coefficients for the case when n = 1 are:
T 010 =
n
m2
(
ζG − 4 − ζKi1
K2
)
, T 011 =
n
m
(
G − 4
ζ
)
, T 012 =
n
3
(
8 − ζG + ζKi1
K2
)
,
T 112 =
n
3
(
5 − ζG + ζKi1
K2
)
, T 013 = nm
(
G + 2
ζ
)
, T 113 =
nm
ζ
, (32)
where it is understood that the argument of G and of all modified Bessel functions is ζ, while Kin ≡ Kin(ζ) =∫ ∞
0 dt (cosh t)−ne−ζ cosh t denotes the integral of the modified Bessel functions [7]. The results in Eq. (32) for T 012, T 112,
T 013 and T
1
13 are in exact agreement with those reported in Eqs. (44)-(47) of Ref. [8].
Finally, the coefficients for the case when n = 2 are given by:
T 020 =
n
m3
(
ζ +
8
ζ
− 2G − ζKi2
K2
)
, T 021 = T
0
10, T
0
22 =
n
3m
(
6G − 24
ζ
− ζ + ζKi2
K2
)
,
T 122 =
n
3m
(
3G − 12
ζ
− ζ + ζKi2
K2
)
, T 023 = n
(
6 − ζG + ζKi1
K2
)
, T 123 = T
1
12,
T 024 =
nm
5
(
2G +
40
ζ
+ ζ − ζKi2
K2
)
, T 124 =
nm
15
(
−3G + 30
ζ
+ ζ − ζKi2
K2
)
, T 224 = T
1
24 + nT. (33)
As before, all functions depend on ζ, unless otherwise indicated.
Before ending this Appendix, it is worth mentioning that the moments T αˆ1 ...αˆsn satisfy the following relations:
−uαˆs T αˆ1...αˆsn = T αˆ1...αˆs−1n−1 , −ηαˆs−1 αˆs T αˆ1...αˆsn = m2T αˆ1...αˆs−2n . (34)
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